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VIBRAT10N AND 50UND RADIAtt10N OF A PIANO SOUND80ARD

O    INttRODUCtt10N

A piano is a musical instrument which does not employ any

acoustical resonator, even though it has a soundboard and strings

as mechanical resonators.   丁he soundboard is not an acoustical

resonator,  it  is  a  direct  radiator  which  converts  mechan■ al

energy into acoustical energye   Since a large sound output is

required from very low frequencies, the piano soundboard must be

very large, yet it must still be lighto   The wavelength of the

sound corresponding to the lowest notes of the piano are still

much larger than the size of the soundboard.  In this range, the

sound  radiation may  not  be  efficient  due  to  the  cancellation

between  the  sound  produced  by  the  front  and  rear  of  the

soundboardo   For wavelengths corresponding to higher notes, the

s■ ze of the soundboard becomes relatively large and the above

mentioned  cancellation  may  gradually  disappear. In  this

frequency region,  the soundboard does not vibrate as a piston,

but vibrates with various mode shapeso  tth e n, cancellation among

different areas of the soundboard surface starts to take place.
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丁his effect depends on the speed Of 50und in air and the speed of

the flexural wave in the soundboard.

Since the structure and the shape of the soundbOard are sO

complex,  it is very difficult to theoretically investigate the

vibration  and  radiatlon  characteristicse Thus,  the  studies

performed in the past have been mostly experimentale  Even though

researchers have studied the piano sOundboard for many years, a

good understanding of the  soundboard  has  yet  to  be obtainede

丁he following are sOme intesting problems in investigating the

vibratlon and radiation characteristics of the pianO sOundboard:

(1) What are the frequencies and vibration patterns (modal

shapes)  of   the   fundamental   resonances   of   the

soundboard?

(2) between  theWhat  kind  of  relatlonship  is  Observed

vibration and the radiation patterns?

(3)

(4)

Which areas on the soundboard cOntribute tO the sound

radiation?

How much power is radiated per unit force applied on

the bridge?
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(5) How does the radiation

of frequency?

In   the   present   paper,

character■ stics  Of  the  piano

without strings) will be invest

mind。

efficiency change as a function

the   vibratiOn   and   radiatiOn

soundboard (supported  by  a  rim

igated, keeping these prOblems in

A cOmmonly used technique tO measure the vibration

of the soundboard is the chladni methOd.  This technique

s■ mple ■n its application, but it dOes not provide quan

resultso   lnstead, the recently deve10ped mOdal analysi

[1-3]  is   used   for   the investigatiOn   Of   the   v

character■ stics.
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Three methOds are cOns■ dered in measuring sOund intensity.

Those are: (1)surface intensity methOd [4-6], (2)twO_micrOphOne

methOd  [7-9],and  (3) acoustical  h010graphy  [lo_11]。 In  the

surface ■ntensity method, the sOund intens■ ty nOrmal tO a surface

is calculated from the ve100■ ty and pressure ■nfOrmation on the

surface.   since the velocity is always necessary fOr the  modal

analysis  Of  the  vibrat10n  character■ stics,   the   intens■ ty

information is simply obtained by an additiOnal measurement Of

the sOund pressure distribution. 丁his methOd, therefore, seems

appropriate cOnsidering the geometry of the sOundbOard and the

purpose of the study.
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I.   HEASUREHEN丁

1.l  Measurement Setup

The block diagran of the measuring system is shown in Fige

le   A Dynamic Structural Analyzer (Hewlett― Packard, 5423A) was

used  to  control  the  measurement  systeme    This  analyzer  is

designed for the modal  analysis of a structure in generale

noise  signal  from  the  analyzer  is  fed  to  a  shaker  (MB

Electronics, model EA1500) which is connected to the soundboard

by a O.51' diameter brass rod with a force trandsucer (PCB, mOdel

200B) at the end of the rod。 The force transducer measures the

excitation force applied to the soundboard by the shaker.   丁his

signal is used as the input to channel l of the analyzere  At the

same  time,  an  accelerometer (PCB,  mode1  309A) picks  up  the

acceleratlon at a po■ nt on the soundboard。    丁his signal is used

as the input to the channe1  2。    丁he  analyzer calculates  the

transfer functlon Ha(ω ) between two signals and stores it on a

data tape.   丁hen, channe1 2 is switched to the pressure signal

from a m■ crophone located at the sane point as the acceleration

measurement.   Again, the transfer function Hp(ω ) is calculated

and stored on the data tape next tO Ha(ω ).   The same process is

repeated  for  different  locations  on  the  sound  board  giving
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Ham,n(ω) and  Hpm,n(ω ) Where  m  and

and  receiving  points,  respectively.

fixed and the receiving point n was var

the entire soundboard.

n  indicate  the  driving

The  driving  point m  was

ied from l to 150 covering

1。 2  Modal Analysis

Since  the  modal  analysis  method  is  fa■ rly  common,  this

method  will  be outlined  only briefly.   丁he first  step is to

assign mode numbers to the resonances which are observed as peaks

of  the  transfer  functions  Han,n(ω )・ 丁hen,  by  choosing  a

representative  transfer  functlon,  the  frequency and damping of

each mode are calculated using a curve fitting algorithm.   Once

the  representative  frequencies  and  dampings  are  given  for

individual  resonances,  the  relative  amplitude  vn  (including

phase information) of each mOde at every point n is calculated

again  using  a curve  fitting  algorithm.   丁his  vector  {Vn} iS

called a node shape。   丁his mode shape can be graphically animated

if the coordinates of the measurement  po■ nts  and  the display

sequence  are  given. If  necessary,  the  modal  mass  and  the

stiffness for each mode can also be calculatede   The animated
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1。 3  Surface lntensity Method

丁he  tine― averaged  intensity  radiated  from

surface is calculated as a function Of frequency by

i=Re{pv姜 }/2,
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where  the  symbols  Re  and  tt  indicate  the  real  part  and  the

complex conJugate Of a complex number, respectively; and p and v

are  the  pressure  and  the  normal  veloc■ ty  at  the  measurement

po■ nt,  respectivelyo   So  that  we  can calculate  the  intensity

distribution  and  some  other  intensity― related  quantities,  the

data  stored  on  the  data  tape  was  sent  to  a  VAX  l1/780  hOst

computer through an IBM PCo   For the animated display Of the

radiation pattern, the intensity distributlon calculated in the

VAX l1/780 was sent back tO the HP-5423A.  When the vibration and

the radiation patterns are compared, the f0110wing shOuld be kept

in mindo   The radiation pattern is the intensity distribution

when the soundbOard is driven at a specific point and frequency.
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The forced vibratlon of the soundboard in this case contains all

the  modes  even  though  the  node(s) closest  to  the  driving

frequency is dominant。   On the other hand, the vibration pattern

(mode shape) is a pattern of a specific mode which is irrelevant

to the driving po■ nt and frequency.

丁he major drawback of the surface intensity method is the

difficulty in the phase calibration between the accelerometer and

the pressure microphone.   In the low― frequency range where the

radiation efficiency is small, the pressure and the velocity are

almost 90°  out― of― phase (which is called a ''reactive field"), and

a small error of the phase neasurement results in a significant

error  in  the  intensity  calculatione Therefore,  the  phase

m■ smatch  between  the  two  transducers  must  be  calibrated  as

accurately  as  possible。 丁his  was  accomplished  by  using  the

calibration device shown in Fig。  2。   The calibrator cons■ sts of a

body with a small air chamber and a drivere  When the dr■ ver is

excited by a shaker,  the sound pressure inside the chamber ■s

180°  out― of― phase with the acceleratlon of the driver.   丁hus, by

putting the accelerometer on the driver and facing the m■ crophone

onto the air chamber, the difference of the phase responses (¢ a

―  ¢p) is  measured,  where  Oa  and  ¢p are the  phase  responses

of the accelerometer and the microphone.  丁he result is shown ■n
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Fig。  3。    丁he phase difference is almost zero around 200 Hz, but

it is significantly large in the low― frequency reglone  At 50 Hz,

for example,  the  phase difference  is about  -10° .   丁his  phase

response was also sent to the VAX l1/780 and used for calibration

when the intensity was calculated using Eq。  (1).  In sectlon 2.4,

two results, one w■ th calibration and the other w■ thout, wlll be

compared to see the effect of the calibratlon on the accuracy of

the measurement.

1。 4  Test Soundboard and Measurement Points

The shape and dimenslons of a test soundboard of a six― foot

grand piano are shown ■n Fig。  4.   The measurement was performed

on a soundboard w■ th a rim and a brace, but without a cast― iron

plate  and  strings.     丁he  soundboard  has  a  thickness  of

approximately O。 25-0.3 inchese  Figure 4 also shows by a dot the

point  of excitation (Point 76) and the  150 measurement points

(intersection of lines).   丁he excitatlon point is the point on

the bridge corresponding to the note C4# (key number 41).
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II. RESULttS AND DISCuSsloN

2。 l  cOmparison of Ha(ω )and Hp(ω )

It  was  expected  that  the  cOmparison  Of  Ha(ω ) and  Hp(ω )

would  show a qualitative difference between the v■ bratiOn and

radiation  characteristics.     For  this  reason,  the  transfer

functiOns  Ha(ω ) and  Hp(ω ) were  plotted  at  a rate Of One  for

every five points.   Figure 5 shOws these resultso   tthe left and

right  c01umns  are  for  Ha(ω ) and  Hp(ω );  and  the  tOp,  middle,

and bottOm charts are for the pOints from l t0 46, 51 t0 96, and

101  to  146,  respectively.    丁he  Ha(ω )  funct10n  has  larger

variatiOns  as  a  functiOn  Of  positiOn  than  HP(ω ) does  even

though  the  peaks  of  the  twO  kinds  Of  transfer  functiOns

correspond  well  to  each  other.    丁he  reason  fOr  the  large

deviat10n of Ha(ω ) is due to the fact that the vibrations along

the edge are quite small except at the resonance frequenc■ es Of

the r■ me   Meanwhile, the sOund tends tO propagate On the the

entire surface making the distribution mOre un■ fOrm.

The  Other  difference  between  Ha(ω )  and  Hp(ω )  is  the

level change as a function Of frequencyo   Relatively speaking,

the  level  change  of  Ha(ω ) is  smaller  than  that  Of  Hp(ω ).
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丁he latter decreases gradually as the frequency increases in the

range from 50 Hz to 200 Hzo  The numbers shown around the peaks

of Ha(ω ) in the middle left chart of Flg.  5 are the assigned

mode numbers for the modal analysis.   丁he mode shapes of these

resonances will  be discussed  in the  following  section。    (The

numbers  shown  in  the  middle  right  chart  of  Fig.  5  will  be

explained in Section 2.3。 )

2.2  Vibration Pattern

Once  the representative  frequency and damping  are assigned  to

each mode, the analyzer can extract the amplitude information of

the node at every point using a curve fitting algorithm.   The

vibration  patterns (mode  shapes) obtained  in  this manner  are

shown in Figs. 6 - 12。  from the lst mode to the 7th mode.

丁he first vibration mode is very simple and sinllar to the

vibratlon of a trampoline.   丁he 2nd mode is the first break― up

mode in the length direction.  丁he two points near the top right

corner of the soundboard are on the bass bridge and show larger

amplitudes than the others (this is also true for the 3rd and 5th

modes).  丁he 3rd mode is very simllar to the second mode except

that the former has a large amplitude along the edge.  A150, the

amplitude of the lower center portion is larger than that of the

―
―
―
‐」
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upper center portlon for this modeo  This mode may be considered

as a superpositlon of the 2nd mode of the soundboard and the lst

bending mode of the rime  At most frequencies, the assumption of

fixed support seems reasonable as the boundary conditlon for the

soundboard.  At rim resonances, however, this is not valid as the

3rd mode indicates.   It seems important to discriminate between

these two modes (2nd and 3rd modes) clearly when investigating

the soundboard, since the frequency Of the rim resonance may be

affected by the support condition of the whole system.   The 4th

mode is the first break― up mode in the width directlon。   (This

may be considered as the 3rd resonance of the soundboard itself.)

The 5th mode ■s a pattern having two nodal lines in the length

direction that are not parallel to the keyboard.   丁he 6th mode

shows four areas, the top left and bottom right vibrate in phase

with  each  other  and  vibrate  out  of  phase w■ th  the other  two

areas.   The 7th mode is more complex and shows several nodal

lines as well  as a large amplitude along the edge showing the

effect of another rim resonance.

The resonance frequency and the loss factor (abbreviated as

LF in the figure)of each mOde is shown at the lower right corner

of its vibration pattern.  丁he frequency of the lst mode is 49。 7

Hz, and that of the 7th mode is 195.年 4 Hz,  having an average

-11-
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spacing of about  25 Hz between adJacent mOdes.   The dampings

(or the 10ss factors) of the mOdes are very smallo   They are

O。 064 for the first mode and approximately O。 02 - 0。 03 for the

higher modeso  The loss factor of a spruce plank measured at our

laboratory  is  approximately  O.013  -  0.016.    丁he  additional

damping of the soundboard may be due to the radiation resistance

and the structural damping.

2.3  Radiation Pattern

The accuracy of the surface intensity method depends on the

accuracy  of  the  phase  calibration  Of  the  transducers and the

phase difference between the velocity and the sound pressure on

the surface.  If the sound field is highly reactive, the accuracy

of the measurement decreases. If the sound radiation ■s more

effic■ ent,  a more accurate measured result is available for a

given phase calibration.  In Section 2.5, the degree of radiation

efficiency will be discussed in terms of the normalized radiation

resistance. For  the  analysis  of  the  radiatlon  pattern,  six

frequency points were chosen at which the radiation efficiency

was  large  enough  to  ensure  the  accuracy  of  the  intensity

calculatlon.   These points are indicated by numbered arrows in

the m■ ddle right chart  in Fig.  5.   丁he radiation patterns  at

these frequencies are shown in Figs。  13-18。
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丁he radiation pattern at  107 Hz (Fig。   13) shows a large

intensity  reglon  on  the  left  side  of  the  soundboard.    This

pattern is more or less llke a superposition of the 3rd and 4th

vibrational modes (Figs.  8  and 9) exce pt  that  the  right  top

corner of the soundboard does not have large negative intensity.

In the second and third radiation patterns (Figs。  14 and 15), the

area of the largest intensity is the lower m■ ddle part and right

s■ de of the soundboard, respectively. Since the frequencies of

these  three  radiation  patterns are between  modal  frequencies,

some  area may  have  a  small  velocity  amplitude  when  the  two

adjacent modes are superimposed.   This might be the reason the

radiation area with large intensity is restricted to a narrower

region than imagined fron the modal v■ bratlon patternso  From the

与th  radiation  pattern  at  168  Hz,  the radiation  area  seems to

become wider  than  for the prevlous radiation patterns.   These

radiation patterns at higher frequenc■ es have a very small area

with negative intensity indicating that the radiation efficiency

is greater in this range.   It is interesting that the intensity

at the driv■ ng point is not necessarily positiveo  lt is expected

that the sound energy absorbed into one area of the soundboard is

partly consumed as a mechanica1 loss and partly transmitted from

other areas of the soundboard.
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2.4  Power Response and Radiatlon Efficiency

丁he total

intens■ ty on t

as:

radiated power

he surface of the

W is obtained by

soundboard (upper

integrating the

side only)such
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W = ∫Ids (2)

The results are shown  in  Fig。   19。    Below 90 Hz,  the radiated

power is small except around the peak at 50 Hz.   丁his indicates

that the sound field is very reactive (1。 e。 , the phase difference

between the velocity and the pressure is close to 90 degrees).

As  mentioned  earlier,  it  is  safe  to  assume  that  the  present

intensity measurement is accurate enough above 90-100 Hzo   The

radiated power characteristics, when the bridge is driven by a

constant   force  (l   dyne),   has  peaks  at  the   frequencies

corresponding  tO  the  resonances  of  the  soundboard. In  a

practical situation when the br■ dge is driven by strings, it can

be  sald  that  a  larger  amount  Of energy is radiated when the

string  resonances  are  closer  to  the  soundboard  resonances,

resulting  in  a  quick  decay  to  the  corresponding  harmon■ cse
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Figure 20 shows the same result on a decibel scale normalized to

10-6  watt. In  the  frequency  range  where  the  power  becomes

negative,  it was replaced by a small positive value and then a

logarithm  was  taken.  丁he  characteristic  is  simllar  to  the

pressure characteristics shown in Fig. 5 (P2).   The fluctuatlon

of the radiated power is within =5 dB in the range from 100 Hz to

210 Hz.   丁his seems relatively small considering the fluctuation

of the vibration character■ stics in the same range.

A normalization of the radiated power to the input  power

gives the radiation efficiency, which is defined as:

η= W/[Re(Fdvd・ )/2。 0] (3)

where Fd is the fOrce applied at the driving point (l dyne in

the present case) and vd iS the resulting velocity at the same

point.   Figure  21  shows  this resulto   lt is interesting that

there ■s no peak in the radiation efficiency corresponding to the

large peak of the radiated power at 50 Hz in Fig. 19。   Above 90

Hz, the radiation efficiency averages roughly 15%.   It can be

said that the mechanical energy of a string is converted into

sound energy with the efficiency of approximately  30%  in  this
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range assuming that the same amount of energy is radiated from

the lower s■ de of the soundboard.  丁he soundboard of a six― foot

grand  piano  seems to be a fairly effic■ ent me9hanO― acoustical

transducer above 90 Hz.

2。 5  Normalized Radiation Resistance

Another way of looking at the radiation characteristic ■s

the normalized  radiation  impedance。    丁he  normalized  radiation

impedance of a radiator having a uniform velocity V and an area S

is calculated by:

z = W/ρ cS IV1 2, (4)

where W is the radiated power, (which is complex including the

reactive power), and ρc is the characteristic impedance of air.

For a radiator w■ th a non― uniform veloc■ ty distribution v, the

normalized radiation impedance can be defined in a sinilar manner

such as:

z=W/∫ pCIV1 2 ds (5)
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丁he normalized radiation resistance (real part of Eq. (5)) was

calculated as a function of frequencyo   The result is shown in

Fig. 22e   Curve (a) is the radiation resistance when the phase

error is calibrated using the response shown  in  Fig。   3。    For

comparison, the resistance characteristic without calibratlon is

also  shown  as curve (b) in  the  same  figure. Without  phase

calibration, the resistance becomes mostly negative below 80 Hz,

indicating the inaccuracy of the measuremente   With the phase

calibration,   the  res■ stance  curve  approaches  zero  as  the

frequency decreases。 丁his  seems  reasonable  for  a  soundboard

which has the property of a quadrapole or a dipole at very low

frequencies.  Fig. 22 indicates that the measurement is accurate

above  100  Hz  except  for  a  couple  of  frequencies  where  the

radiatlon resistance becomes very smalle   tthose frequencies are

l16  Hz  and  136 Hz  which  correspond  exactly  to  the  resonance

frequencies of the 4th and 5th vibratlonal modes.   This is why

these  frequencies  were  avoided  when  observing  the  radiation

pattern.

Below 90 Hz,  the normalized  radiation resistance is very

small.  丁he low radiation efficiency below 90 Hz seems to be due

to the cancellation between the sound radiated from the upper

-17-
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and lower surfaces of the soundboard e  Above this frequency, the

distance between the upper and lower radiating surfaces becomes

equal  to  or  larger  than  the  half  wavelength  of  sound  and,

therefore, the dipole effect ceases to play a maJor role.

In the range from 90 Hz t0 210 Hz, the normalized radiation

resistance  is  highly  frequency dependent. Since  the  bending

wavelength of the soundboard is still shorter than the wavelength

of sound in air, the cancellation of sound among different areas

of the soundboard is possible if they vibrate out― of― phase.  丁his

is confirmed by calculating the normalized volune velocity,  β ,

defined as:

β=|ル dSI/1VldS (6)

where the normalization ■s necessary to remove the effect of the

mechan■ cal resonance.  The normalized volume velocity is equal to

un■ ty  if  the  soundboard  vibrates  ■n― phase  over  the  entire

surface.  丁he characteristic of this volume veloc■ ty is shown in

Fig.  23.    Above  90  Hz,  a  strong  correlation  between  the

normalized  radiation  resistance  and  the  normalized  volume

velocity is observed, indicating that the volume velocity is a

‐
Ｉ
Ｌ
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maJOr factor in determining the normalized radiation resistance

in this  frequency  range.   It  is  interesting that  the  volume

velocity becomes very small at some of the soundboard resonances

(2nd,  4th,  and 5th modes).   丁his might be the reason that a

consistant sound output is observed even though sharp mechanical

resonances cause large deviations in the vibratlon amplitude over

the frequency range。

The normalized radiation resistance may approach un■ ty  as

the frequency rises,  since the bending wavelength is inversely

proportlonal  to  the  square  root  of  frequency,  whereas,  the

wavelength  of  sound  in  a■ r  is  inversely  proportional  to  the

frequencyc  lt is very interesting to find where the transition

occurs from the inefficient (roughly speaking z く 0。 5) to the

efficient (z 〉 0。 5) 50und radiation.
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IIIe CONCLUS10N

In the 10W frequency reglon (10 Hz-210 Hz), the vibratlon

and the radiatiOn characteristics of a soundboard (with a rim and

braces) used  fO r  a  six― foot  grand  piano  were  studied.    The

vibration characteristics Were analyzed using the modal analysis

method, and the radiation characteristics were studied using the

surface intens■ ty method。

The  soundboard  used  fOr  the  study  shows  Seven  maJor

resonances  below  210  Hz.     The  first  (0,0)  mOde  is  at

approximately  50  Hz,   and  itS  mOdal   shape  loOkS  like  a

trampolinee 丁he  2nd  and  3rd  modes  are  the  first  break― up

modes in the length directiOn,  that is, the (1,0) mOdeo   The

difference between them iS that the 3rd mode is Caused by a r■ m

resonanceo  The 4th mode is the (0,1)mOde shoWing one nodal line

in the length directione  The (2,0), (1,1), (2,1)modes fo1low in

this order.   The average modal density is  1/25 Hz.   The loss

factors of the soundbOard at the resonace frequencies are larger

than the values obtained from a measurement Of a spruce plank

showing additiOnal damping due to the air load。
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The radiation pattern (intensity distribution) shows some

sinllarity to the forced vibration pattern for the modes of lower

Order.  Large differences are observed between the v■ bration and

radiatlon  patterns  for  modes  of  higher  ordero     Cenerally

speaking,  the areas w■ th negative intensity gradually decrease

as the frequency rises.

The  radiated  power  was  calculated  by  integrating  the

intens■ ty  over  the  upper  surface  of  the  soundboard  when  the

soundboard was driven by l dyne of force at a point on the bridge

near the centero  At the resonance frequencies of the soundboard,

the radiated power becomes largee  When it is normalized to the

■nput power, however, the radiation efficiency is not necessarily

large at the resonances.   Above 90 Hz, the radiation effic■ ency

is roughly 15% even though it is highly frequency dependent (one

side only).   Below 90 Hz, the radiation efficiency was too low

for the  present measurement  system  to  evaluate  the  radiation

characteristics in this region.

The  normalized  radiation  resistance  was  calculated  to

evaluate  the  radiation  efficiency  in  terms  of  the  radiatlon

impedancec  Above 150 Hz, the normalized radiation resistance is
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approximately   O.3。       The   radiatlon   resistance   is   alsO

highly  frequency― dependent.    丁he  comparisOn  Of  the  radiation

resistance to the volume velocity confirmed that the interact10n

among the sound radiated from different areas on the soundboard

is the major cause of the large fluctuatlons in the radiation

res■ stance.

What can we do to improve the radiation efficiency in the

low frequency reglon?  Since the low radiation efficiency below

90 Hz is caused by the cancellation of sound radiated from the

upper and lower s■ des of the soundboard, this frequency can be

lowered if the propagation path is made longero  For example, if

the lower  portlon of the  rim  is made  longer  by  l― foot,  the

propagation  path  may  increase  approximately  l。 5  feet.    丁his

lowers the  frequency by approximately  20%.   This  would  be  a

sign■ ficant  improvement. Above  this  frequency,  the  volume

velocity (on one side of the soundboard) plays a major role in

the radiation effic■ ency, which seems very difficult to control.

」　
　
　
　
‐
‐
　
　
」

丁he  present  study  was  lim■ ted

strings and a plate.  丁he addition of

the situation drastically.   丁he next

measurement  frequency  range  and  to

complete piano.

to  a  soundboard  without

these two things may change

step will be to extend the

conduct measurements on a
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Transfer   functions   Ha(ω )   (Al― A3)   and   Hp(ω )
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transfer functions between Point 76 (driving point)
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Flge

Fig.

Vibratlon pattern of the lst mode.

Vibratlon pattern Of the 2nd mode.
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85。 3
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Fig.

Fig。

Vibration pattern Of the 3rd mode

Vibrat10n pattern Of the 4th mode

116.1
0.026
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135。 6
0.020

Fig。  lo

Flg. 11

Vibratlon pattern of the 5th mode

Vibration pattern Of the 6th mode

161.1
o.015
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195。 4
0。 022

Fig。  12 Vibratlon pattern of the 7th mode
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Fig。 Radiation pattern at 107 Hz (#1)

Fig。  14 Radiation pattern at 128 Hz (#2)

13

-34-



Fig。  15 Radiation pattern at 14フ  Hz (#3)

Fig。  16 Radiation pattern at 168 Hz (#4)
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Fig。  17 Radiation pattern at 192 Hz (#5)

Fig Radiation pattern at 209 Hz (#6)18
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